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1. INTRODUCTION 
The main result proved in this paper is the following: 
THEOREM A. Let p be an odd prime and let G be a locally finite and locally 
p-soluble group. Suppose that each countable set of elements of G is contained in 
a subgroup H of G such that H has < 2*o Sylowp-subgroups. Then G/O,,,,,,(G) 
is$nite and G/O,(G) satisfies min-p. 
Here, as usual, O,(G) denotes the largest normal p-subgroup of G, 
O,,,(G)/O,(G) is the largest normal p’-subgroup of G/O,(G), and so on. 
By a Sylow p-subgroup of a group we understand simply a maximal p-sub- 
group of that group; also min-p denotes the minimal condition onp-subgroups. 
Among the groups satisfying the hypotheses of Theorem A are of course 
all countable locally finite and locally p-soluble groups having conjugate 
Sylow p-subgroups, where p is an odd prime. Hence we have 
COROLLARY Al. Let p be an odd prime and let G be a countable locally 
finite and locally p-soluble groups whose Sylow p-subgroups are conjugate. 
Then G is p-separable, 
where, if rr is a set of primes, a m-separable group is one having a finite 
series in which each factor is either a r-group or a rr’-group. 
Corollary Al establishes for odd primes an unpublished conjecture of 
A. Rae and J. G. Thompson. However, our methods do not seem to yield any 
information about the case p = 2. 
It is not difficult to see that Theorem A would follow immediately from 
the following conjecture of J. G. Thompson, and [S, Theorem C]. 
CONJECTURE B. For each prime p there exists a function f, from the set of 
nonnegative integers into itself with the following property: Whenever a fkite 
p-soluble group H contains a p-subgroup P which has order at most pz and is 
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contained in only one 5ylozu p-subgroup of II, then the p-length of II is at most 
f,W* 
For suppose if possible that a group G satisfying the hypotheses of 
Theorem A contains finite subgroups of unbounded p-length. Then G 
contains a tower 1 =E;, < E; < ... of finite subgroups of strictly increasing 
p-lengths, and the truth of the above conjecture would allow us to make these 
p-lengths increase so rapidly as to ensure that each Sylow p-subgroup of 
each Fi is contained in two distinct Sylow p-subgroups of F,,, This implies 
that K = UT=, Fi contains 2No distinct Sylow p-subgroups (cf. the proof of 
Lemma l.l), contradicting the hypotheses of the theorem. We could then 
conclude that the p-lengths of the finite subgroups of G are bounded, whence 
[2, Corollary 3.101 that G is p-separable. The proof would then be completed 
by [S, Theorem C]. 
The disadvantage of this approach is that conjecture B, although interesting 
in itself, seems to be very difficult. We therefore first show that in proving 
Theorem A we may make a number of additional assumptions on the group G. 
These additional assumptions essentially allow us to get away with dealing 
with Conjecture B only in very special situations. ?vlore precisely, we show 
in Section 4 that Theorem ,4 follows from 
LEMMA 1.1. Let p be an odd prime and let G be a nontrivial countable 
locally finite and locally p-soluble group such that O,,,(G) = 1. Suppose that 
G = (Jy=, F, , z?heye 1 =z F, < F1 < ... is a to,wer of jkite subgroups of G 
satisfying 
Fi n O,,,,(Fi,,) = 1 (i = 0, l,...), (l.la) 
O,,(FJ < %(FJ (i = 0, l,...). (I.lb) 
Then 1 Syl, G / = 2xo. 
We denote the center of a group S by Z(X) and the set of Sylowp-subgroups 
of X by Syl, X; also j S 1 is the cardinal number of a set 5’. 
To deal with Lemma 1.1 we use an approach resting heavily on the 
methods introduced by Dade [I] and employing certain “p-chains,” which 
are rather similar to his Fitting chains. Let H be any finite p-subgroup of G, 
the group of Lemma 1.1. We view I-1 as a group acting on G (by conjugation) 
and show then that for any odd integer t 2 1 there exists a chain A, ,..., A, 
of nontrivial sections of G, each acting faithfully on the next (or a section of it), 
and such that H normalizes each Ai . Furthermore Ai is a p-group if i is 
odd and ap’-group if i is even, and a number of other conditions hold which 
make A, ,..., A, into a p-chain acted on by H in the sense of Section 2. We 
then show that if t is large enough compared with a given integer s > 0 
and the composition length of H, then there exists a “subchain” of length s 
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centralized by H. This provides us with nontrivial sections X and Y of G 
such that H centralizes X and Y, X normalizes but does not centralize Y, 
X is a p-group and Y a p’-group. It then follows that H normalizes every 
Sylow p-subgroup of the semidirect product XY, which is naturally isomor- 
phic to a section of G, and so that H is contained in two finite p-subgroups 
of G which do not generate ap-group. This readily yields that 1 Syl, G / = 2zo. 
We introduce p-chains and prove the relevant theorems about them in 
Section 2. This section depends very heavily on Dade’s paper [l], and we use 
his notation and terminology without further mention. In Section 3 we show 
how to construct p-chains in the situation of Lemma 1.1 and establish that 
lemma. Section 4 contains the deduction of Theorem A. Finally in Section 5 
we indicate how a further result similar to Theorem A may be proved, 
namely, 
THEOREM C. Let rr be a set of odd primes and let G be a locally $nite and 
locally rr-soluble group. Suppose that each countable set of elements of G lies in 
a subgroup H of G such that j Syl, H 1 < 2 No, and further that there exists an 
integer n 2 0 such that every chief factor of every Jinite w-subgroup of G has 
rank < n. Then G/O,,,,,,,,(G) is finite. 
By the rank of a chief factor H/K of a finite soluble group G we mean the 
dimension of H/K, viewed as a vector space over the appropriate prime field. 
Thus Theorem C applies in particular if the n-subgroups of G are locally 
supersoluble. Further information about the group G of Theorem C may be 
obtained from [5, Theorem C]. It seems quite likely that Theorem C, or 
some result like it, will hold without the restriction on the rr-subgroups of G, 
and indeed such a result may hold for arbitrary locally n-separable groups. 
However, methods other than the ones given here may be more appropriate 
if a substantial extension of Theorem C is to be obtained. 
2. A THEOREM ON ~-CHAINS 
Let t > 1 be an odd integer and let p be a prime. A p-chain of length t 
is a sequence A, ,..., A, of groups together with subgroups Bi , Ci < Ai 
(1 < i < t, i odd) and actions (Ci on A,+J (1 < i < t, i odd) and 
(A, on Ai+,/B~+,) (1 < i < t, i even) such that: 
Ai = BiCi is an elementary abelian p-group (2.la) 
and A,IB, # 1 (1 < i < t, i odd). 
4 E a, P(Ai) # P (1 < i < t, i even). (2.lb) 
1’2 > @(Ai+,) = 1 (1 < i < t, i odd). (2.lc) 
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ker(A, 071 &r/B,+,) = 1 (1 < i < t, i even). 
ker(C, orz A,+r) = 1 (1 < i < t, i odd). 
(A, on A,+,/B,+,) is weakly C,-,-invariant 




We shall usually just speak of “the p-chain A, ,..., A, ,” leaving the sub- 
groups Bi, Ci and the various actions to be understood from the context. 
The class 6Y mentioned in (2.1 b) is the class of groups rather like special 
groups introduced by Dade [I, (1.4)]. 
If i is odd and E is any subgroup of Ai containing Bi then E will denote 
the group E/B, written additively. In particular .& will denote A,IB, written 
additively. These groups play a similar role to the groups & = (L&l@(&)) L 
for i even. Notice that (2.1 b, c, e) imply that ker(Ci on A+, r) = 1 (I < i < t, 
i odd). This follows from [3, Theorem 5.1.41. 
IfA 1 ,..., A, is ap-chain, then ap-subchain of 4, ,..., A, consists of sections 
L),ofA,(l <i < t,ieven)andsubgroupsDiof&andFiofCi(l <i < t, 
i odd) such that: 
Di = B,F, > Bi (1 < i < t, i odd). (2.24 
Di f 1 (1 < i < t, i even). (2.2b) 
Fi normalizes Ditl (1 <i<t,iodd). (2.2c) 
Di normalizes Di+, = D, +ljB,.tl (1 <i.<t,ieven). (2.2d) 
ker(fYi on Di,.,) = 1 (1 <i.<t,ieven). (2.2e) 
ker(F, on Di+l) = 1 (1 :< i < t, i odd). (2.2f) 
(Di on Di+,) is weakly FL-,-invariant (1 < i < t, i even). (2%) 
Now as OF? is closed under taking nontrivial sections [I, (1.5) (2.2b)] gives 
Bi E GZ if i is even. Also if i is even and Di == U/V, where U, V < Ai and 
VU U, then @(DJ < (@(Ai) n U)V/V and so [Fiel , @(DJ] = 1. It follows 
that D, ,..., D, , with the induced actions (Fi on Di+l) and (Di on fii+i), 
is a p-chain. 
We shall say that a group H acts on the p-chain A, ,..., At if actions 
(H on AJ (1 < i -< f, i even) and actions (H on Ci) and (R on A,/B,) 
(1 <i < t, i odd) are given in such a manner that 
The natural epimorphism Ci - AJB, is H-invariant (2.3a) 
(I .< i .< t, i odd). 
The actions (Ai OYZ A,+l/B,+l) (I .< i < t, i even) and 
(C, on A,,I) (1 < i < t, i odd) are H-invariant. 
(2.3b) 
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If Q is a normal subgroup of H such that the actions (Q on Ai) (; even) and 
(Q on CJ (; odd) are trivial (in which case, for i odd, (Q on A,/&) is also 
trivial by (2.3a)), then we shall say that Q central&es the chain A, ,..., A,. 
In that case H/Q acts on A, ,..., A, in the natural manner. 
Suppose that H acts on A, ,..., A, and D, ,..., D, is ap-subchain of A, ,..., A, , 
so that (2.2) holds. If H normalizes Di (1 < i < t, i even) and Fi (1 < i < t, 
i odd) then we shall say that D, ,..., Dt is an H-invariant p-subchain of 
A 1 ,a*.> A, . In that case by (2.3a) H normalizes D,lBi = BiFiIBi for i odd, 
and H acts on thep-chain DI ,..., D, in the natural manner. 
The main result on p-chains which we shall need is the following: 
LEMMA 2.4. Let s 3 1 be an odd integer, let p be an odd prime and let H 
be a @site p-group of order pt acting on a p-chain A, ,,.., A, . Suppose that 
t > 2z(s + 1) - 1. Then there is an odd integer j satisfying 1 < j < t - s + 1 
and a p-subchain Dj ,..., Dj+s--l of Ai ,..., Aj+.,-I centralized by H. 
For the proof of this we require a result analogous to [l, Theorem 2.71. 
LEMMA 2.5. Let p be an odd prime and H be a finite p-group acting on a 
p-chain A, ,..., A, . Suppose that t > 3 and that P is a normal subgroup of 
order p in H satisfying 
[Cl,Pl# 1. (2.5a) 
Then there is an H-invariant p-subchain D, ,..., D, of A, ,..., A, centralixed 
by P. 
Deduction of Lemma 2.4. We deduce Lemma 2.3 from Lemma 2.5 by 
induction on 1. If 1 = 0 the result is certainly true. Assume then that I > 0 
and that the result holds for groups of order pz, and let H be a finite p-group 
of order pa+l, acting on A, ,..., A, , where t > 2l+i(s + 1) - 1. Let P be a 
normal subgroup of order p in H and let k be an odd integer such that P 
centralizes the chain A, ,..., A,. Then HIP acts on A, ,..., A, and if k > 
2r(s + 1) - 1 the result follows by induction. 
Now suppose that 1 < i < t and i is odd. If [Cc, P] = 1 then (2.3a) gives 
that P centralizes A,/Bi . The P-invariance of (Aim1 on Ai/Ba) then gives that 
[Aiel , P] centralizes A,/B, , whence [Ai-, , P] = 1 by (2.ld). The previous 
paragraph therefore allows us to assume that there is an odd integer k such 
that 1 < k < 2z(s + 1) - 1 and [C, , P] # 1. Then t - k + 1 > 3 and so 
Lemma 2.5 gives an H-invariant p-subchain D,,, ,..., Dt of A,,, ,..., A, 
centralized by P. As the length t - (k + 2) + 1 of this chain is at least 
2z(s + 1) - 1 and H/P acts on it, the result follows by induction. 
For the proof of Lemma 2.5 we need two further results. The first of these 
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is well known and the second is essentially a matter of putting together the 
appropriate results from [I]. 
LEMMA 2.6. Let 7~ be a set of primes and let L be a n--group acting on a 
n’-group 42. Then [M, L] z-= [M, L, L]. 
Proof. Let m E M, I EL. Then I” = 1 for some q-number n and so by 
using the usual commutator formulae and the fact that [n/r, L, L] u [M, L] 
we obtain 1 = [m, ln] -= [m, I]‘” mod[M, L, L]. Hence as M is a v’-group we 
obtain [m, Z] E [AZ, L, L], and the result follows. 
LEMMA 2.7. With the hypotheses of Lemma 2.5, some irreducible component 
of (PA, on X3) is ample. 
Proof. Put Xl = C, , X:, = [AZ , [-Yl , PI], X3 = [L4S, [X, , I’]]. ‘I’hen 
S, normalizes -Yz, which normalizes X3, and [X, , P] f 1. For if 
[X, , P] = 1 then the P-invariance of (X1 on X2) gives [X:, , [LY1 , r]] = 1. 
Lemma 2.6 then gives -Yz = 1 and (2.le) then gives [S, , ‘1 = I, contrary 
to (2.5a). 
Since [X, , P] # 1. (2.ld) gives -Yz i; 0. ?\Tow Xa is a Z,[PX.J-submodule 
of -4, , Let U be an irreducible Z,[PX,]-component of X8. It suffices to 
show that U is ample. For U is isomorphic to some irreducible ZJPX,]- 
component of some irreducible Z,[Z’A,]-component V of A, , and V is then 
ample by [I, Proposition 3.131. 
Let K = ker(@(X,) on G). Then K .< @(A,) and so K is ,Y1-invariant 
by (2. lc). The semidirect product E’X-, thus acts on XJK and conditions (4.1) 
of [l] hold with B : = X, , A-I = S,/K, V =:: C;. Hence by [I, Proposition 4.31 
\ve have either 
(i) U is ample, 
(ii) [S, , P] centralizes (X.JK)/Z(;k;/K), 
or (iii) Conditions (4.4) of [I] hold. 
Kow [l, (4.4)] imply, among other things [I, (4.18c)] according to which 
X1 has an extraspecial homomorphic image. Since by (2.la) X1 is abelian, 
this possibility cannot occur. 
ru’ow by Lemma 2.6 we have X-, == [X, , [X1 , PI]. If condition (ii) holds, 
we therefore obtain that X,/K is abelian. But by Lemma 2.6 again we have 
& = [X, , [X, , P]] and since X3 is a completely reducible Z,[X,]-module 
(by (2.lb)) we have [W, [Xr, , P]] = W for any irreducible Z,[X,]-component 
w of x3. Hence [U, [X, , P]] = c’. Therefore, as U # 0, we have 
[(X,). , P] # 1. Since X2 is abelian andp(X.J f p, U is ample by [l, (3.9a)]. 
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We now consider the situation of Lemma 2.5 and for i = 2, 3,..., t we 
define subspaces Si of zi and subgroups Ei < A, (i even) and Ei < Ci 
(i odd) by 
s, = A2 ) E, = A,. (28a) 
For i odd and 3 < i < t, Si = Ai,,,ple (defined with respect o the 
action of PE,-, on Ji as in [I, (3.14)]. If Si = (Xi/B,)+ then 
Ei = Xi n Ci . (2.8b) 
For i even and 4 < i < t - 1, Si = kid,ample (dejked with respect 
to (PEi-1 on Ai) as before), and Ei = [Xi , EiJ, where 
(X$D(Ad))+ = Si . (2.8~) 
Now E, is certainly H-invariant. Suppose that for some i with 2 < i < t 
we know that Eii-l is H-invariant. Then Eipl is P-invariant and so we may 
form the semidirect product PEiml , which acts on Ji by (2.3b). Hence Si 
may be defined as above. By [l, Proposition 3.161, SI is a Z,(AiJPEi-I]- 
submodule of Ai . Now HEiel acts on di , and if W is any irreducible 
Ei-,-submodule of & with K = ker(Ei-r on W), then we have for any h E H 
that Wh is an irreducible E,-,-submodule of xi with Kh = ker(E,-r on Wh). 
Also conjugation by h in HE,-, induces an isomorphism of PEi-JnrieP K” 
onto PEi-JfLp Kh”. It then follows from the definition [I, (3.14) et seq.] 
that Si = $,ample is H-invariant. Hence Si is HEi-,-invariant. If i is even 
then HEiM1 acts on Ai by (2.3b) and we obtain immediately that Xi and Ei 
are HEi-1 invariant. If i is odd then Ei is the inverse image of Si under the 
natural homomorphism of Ci onto A,/B, and so is H-invariant by (2.3a). 
We have thus established most of 
LEMMA 2.9. Suppose 3 < i < t. Then El and Si are H-invariant. If i is odd 
then EiB, = (E,BJB,)+ is HE,-,-invariant and every irreducible component of 
(PE,-, on EiBi) is ample. If i is even then Ei is HE&nvariant, every irreducible 
component of (PE,-, on &) is ample, and i& is HEi+,-isomorphic to Si . 
Proof. It suffices to establish the last statement. Let U = V/W be any 
irreducible Zp(Ai)[PEi--l] -component of Si, where W < V < Si . Then U 
is ample and so by [l, (3.9)], Ei-, operates nontrivially on U and hence 
[U, Ei-J = U. Therefore V = W + [V, Ei-,] and an induction over a 
composition series of Si gives Si = [SC , Ed-,]. Hence from (2.8~) the natural 
HE,-,-homomorphism of Ai onto xi maps Ei onto SC. Now by Lemma 2.6 
and the fact that p(Ai) # p we have that Ei = [Ei , E&j. Hence & = 
[Ei , Ei-J = [Ei , Ei-i] @ CEj(E,-,), and SO CE$E,-,) = 0. However by 
(2.1~) Eipl centralizes @(Ai). Therefore Ei n @(Ai) is mapped to zero by the 
natural homomorphism of Ei onto &, and we obtain that @(Ei) = Ei n @(Ai). 
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Hence the kernel of the natural homomorphism of Ei onto Si is @(Ei), and so 
Ei G Si as Z1,(Ai)[HEi-,]-modules. 
We now define, for 3 < i -< t: 
Fi = [Ei , PI”-‘, D, = BiF, (i odd). (2.10a) 
Gi = G(P), Di = Gi/ker(Gi on Si+,) (i even). (2. lob) 
The following result will now establish Lemma 2.5. 
LEMMA 2.11. The groups D, ,..., II, together with the subgroups Fi fey i 
odd and 3 < i < t, form an H-invariant p-subchain of A, ,..., A, centralized 
by P. 
Proof. By Lemma 2.9 we have that E, and Si are H-invariant. As P u H, 
it follows that Fi is H-invariant if i is odd and D, is H-invariant if i is even. 
Also as Ei is an elementary abelian p-group if i is odd (by (2.1 a)) and P is 
cyclic of order p we have 
Fi < G(P) (3 < i < t, i odd). (2.11a) 
It therefore suffices to show that the groups Da ,..., D, and Fi form a p- 
subchain of A, ,..., .4, . 
Now we have from Lemma 2.7 and (2.8b) that S, # 0, and so there is an 
ample irreducible Z,[PE,]-component U of S, . By [l, Proposition 3. lo], 
[U, PIP--l f 0. Hence [Sa , P]ll-l # 0. Since S, = (ESB,/B,)+, we have 
from (2.3a) and (2.10a) that [S, , PIP-l is the natural image in 4, of 
[E, , PIP-r = FS . Hence FS $ B, and i& f 0. 
Now suppose that for some value of i with 3 < i < t we know that 
Di f 0. We shall establish the appropriate conditions (2.2aaf) for that value 
of i and also prove that Di+l ;- b 0, thereby inductively establishing (2.2a-f) 
for the chain D, ,..., D, . 
Suppose first that i is odd. Then our assumption Di f 0 implies that (2.2a) 
holds. Now from (2.3b), & is aZ,[PE,]-module, where 4 = p(A,+,). Suppose 
that U is any nontrivial irreducible Z,[F,]-component of x$+, . Then U is 
isomorphic to an irreducible Z,[F,]- component of some irreducible Z,[PE,]- 
component V of &r . Since Fi = [Ei , PIP-l and [I’, FJ # 0 we have that 
[(EJV , Pip-l f 1, and since p(E,) = p > 3 we have that Z’ is ample by 
[l, (3.9c)l. Hence from [I, Proposition 3.161 P is isomorphic to some irreduc- 
ible Z,[PE,]-component of Si+r = ,%i+r,amDle . Therefore U is isomorphic 
to some irreducible Z,[FJ-component of Si+r and we obtain that Si,r and 
&t are weaklyZ,[F<]-equivalent. From Lemma 2.9, (2.le) and the complete 
reducibility of the Z,[F,]-modules S,+r and A,+r , we now deduce 
ker(Fi on &+r) = I. (2.11b) 
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Now from Lemma 2.9 we have that P acts on Ei , the semidirect product 
PE, acts on E,+l, and &, is a Z,[PE,+,]-module (notice that i < t - 2 
as i and t are odd and i < t). By assumption Fi # 1 and so (2.11b) gives 
Ei+l # 1. We now find that conditions [l, (5.111 hold with Ei = B, Ea+l = A, 
Fi = D and &+s = V. Condition (5.lb) follows from (2.11a), (5.lg) from 
Lemma 2.9, and (5.lh) from (2.lf) and [l, (l.l)]. The rest are immediate 
from (2.1). Furthermore, if U is any irreducible Z,[PEi]-component of i&+i , 
the facts that U is ample, p > 3 and Ei is abelian give that [Z((EJu), P, P] = 
[(Ei)u, P, P] + 1. Th e results of [l, Section 51 (in particular, [I, (5.13) and 
Lemma 5.331, together with (2. lob), now give 
and 
Fi normalizes Di,l , (2.1 lc) 
Di+l # 0 and (Fi on J!?~+J is weakly equivalent o (Fi on DiCfl). (2.11d) 
These results, combined with (2.1 lb), yield (2.2c), (2.2f) and D6+1 # 0. 
Now suppose that i is even, 3 < i < t, and we know Di # 0. Then from 
(2.10b) [Si+i 3 PI’-’ is Gi-invariant. From (2.8b), (2.3a) and (2.10a) we have 
that [S’s+1 , PI”-’ = (Fi+lBi+,/Bi+,)+ = Di+l . Therefore Gi , and hence Di , 
normalizes Di,i and (2.2d) holds. 
We now claim 
Si+l and [Si+l , P1a-l are weakly Z,[D,]-equivalent. (2.1 le) 
From (2.10b) it suffices to prove these modules weakly Z,[G,]-equivalent. 
Let U be any nontrivial irreducible Z,[G,]-component of S,+i . Then 7-J is 
isomorphic to an irreducible Z,[Gi]-component of some irreducible Z,[PEi]- 
component V of S,,, . By definition V is ample and so by [ 1, Proposition 3. lo] 
[V, PIP-l is weaklyZ,[G,]-equivalent to V. If V = X/Y, where X and Y are 
Z,[PE,]-submodules of Si+i , then 
[V, PIP-1 = [X, PIP--l + Y/Y z [X, P]B--1/[X, PJP-1 n Y, 
a Z,[PGJ-section of [Si+i , PIP-l. Hence U is isomorphic to some irreducible 
Z,[G,]-component of [S,+i , PIP-l and (2.1 le) follows easily. Since Di+i = 
[Si+i , PIP-l, (2.2e) now follows from (2.11e) and (2.10b) if we recall that 
S&l and Di+i are completely reducible Z,[G,]-modules. Since Di # 1 we 
must now have Di+l f 0. 
To complete the proof of Lemma 2.11 it remains to establish (2.2g) for 
the chain r>, ,..., D, . Suppose that i is even and 3 < i c t. Now by (2.lf), 
(Ai on &+,) is weakly C,-,-invariant. Hence (Ei on ,&+i) is weakly Fi-l- 
invariant (using [l, (l.l)]). Since [Fi-, , P] = 1 it follows easily from the 
definition that (Ei on &+i,ampre = Si+,) is weakly F,_i-invariant. Hence 
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(Gi on Si+J, and so (II, on S2+r), are weakly Fi-,-invariant. Therefore by 
(2.1 le), (Di on [Si+r , I’]“-‘) is weakly Fi-,-invariant. Since [S,+r , PIP-l = 
D,.+ r , (2.2g) is established and so is Lemma 2.11. 
3. THE CONSTRUCTION OF ~-CHAINS 
Let G be a group acted on by a finitep-group H, and let t > 1 be an integer. 
We are interested in this section in constructing subgroups Ri , Si (1 < i < t) 
and Ti (I < i < t, i odd) of G satisfying the following conditions: 
SC u Ri (1 < i < t). (3.la) 
T, (1 Ri and Ti < Si < KC (1 < i <: t, i odd). S, = TI . (3.lb) 
The subgroups Hi , Si (1 5; i < t) and 
Ti(l <i< t, i odd) are H-invariant. (3.14 
RJT, is an elementary abelian p-group, and 
Si < Ri (1 k< i < t, i odd). (3.ld) 
RiISi E Q! andp(R,/S,) + p (1 < i < t, i even) (3.le) 
Ri normalizes R, , Sj (1 5’: i 3;: j < t) and Tj 
(1 < i I; j ::-, t, j odd) (3.lf) 
S’? 1 ker(R, on R,+,/Si+,) (1 >z i < t, i even) Old 
Ti = ker(Ri on Ri+JSi+,) (1 < i < t, i odd) (3.lh) 
[Ri , @(R,+,/S,+,)] =z 1 (1 .< i < t, i odd) (3.li) 
We also require one of the following conditions according as t is even or odd; 
they are included as they are technically useful in the course of the construc- 
tion: 
If t is even then S’, = 1 and H JJI_Ci<, Ri transforms 
R, irreducibly. 01.9 
If t is odd then l’, = 1, and if also t > 1 and X is any proper 
H IL <iit A,-invariant subgroup of R, , then every PI-element of 
R,-, centralizes A’. (3.lk) 
Our main aim is to establish the following lemma: 
LEMMA 3.2. With the hypotheses of Lemma 1.1, let H be any $nite 
p-subgroup of G and t 2 1 be any odd integer. Then there exist subgroups Ri , 
St (1 < i .< t) and T, (1 < i sz t, i odd) of G satisfying (3.1). 
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Here of course we think of H as acting on G by conjugation. Lemma 1.1 
may be deduced from this as follows. 
Proof of Lemma 1.1 As in Lemma 3.2, let H be any finite p-subgroup of G. 
Suppose that 1 H ) = pz and let 
t = 4.2’ - 1. (3.3a) 
By Lemma 3.2 there exist subgroups Ri , S, (1 < i < t) and Ti (1 < i < t, 
i odd) satisfying (3.1). Let 1 < i < t. If i is even let A, = RJS, and if i 
is odd let Ai = Ci = R,/T, , Bj = S,/T, . By (3.lf) and (3.lg), Ai acts on 
A,+,/B,+, if i is even, 1 < i < t, and by (3.lh), Ci = Ai acts on Ai+r if 
1 < i < t and i is odd. In fact, A, ,..., A,, together with the subgroups Bi 
and Ci = Ai for i odd, is a p-chain with these actions. For (2.la, b, c, d, e) 
follow from (3.ld, e, i, g, h), respectively, and (2.lf) follows from (3.lf), 
according to which RimI normalizes both Ri/Si = Aj and R(+,/S,+, e 
A,+,/B,+I and so (Ai on A,+JB,+,) is R,-,-invariant. Furthermore, by (3.1~) 
H acts on A, (i even) and on Ci = A, (i odd) leaving B1 invariant. Then H 
also acts on AJB, if i is odd and (2.3) clearly holds. Therefore H acts on 
A A,. 1 s-*-7 
By Lemma 2.4 and (3.3a) (with s = 3) there exists an odd integerj < t - 2 
and a p-subchain Dj , Dj+l , Dj+z of A, , Aj+1 , Aj+z centralized by H. This 
provides us with finite sections U/V and L/M of G satisfying 
H centralizes U/V and L/M. (3.3b) 
U/V normalizes but does not centralize L/M. (3.3c) 
U/V is a p-group and L/M is a $-group. (3.3d) 
Here L/M, U/V correspond, respectively, to Dj+l and the subgroup F5 of Dj 
mentioned in (2.2). 
Since H, U/V and L/M are finite we can choose a finite H-invariant sub- 
group F of G covering both U/V and L/M and so assume without loss of 
generality that U/V and L/M are sections of F. Let P be a Sylow p-subgroup 
of U normalized by H. Then HI = HP is a finite p-subgroup of G. From 
(3.3d) we have U = PV and hence from (3.3c), P does not centralize L/M. 
Therefore there exists an element x EL such that [P, x] 4 M. By (3.3a) 
[H, X] < M and so H < [H, X] Hx < H=M. Hence H normalizes PxM 
and so H normalizes some Sylow p-subgroup Q of PxM. Let H, = HQ. 
Then H, is a finite p-subgroup of G. However, (HI , Hz) is not a p-group. 
For (HI, H&M/M contains (PM/M, QM/M) = (PM/M, P5M/M) > 
[P, x]M/M, which is a nontrivial p’-group by (3.3d). 
We have now shown that if H is any finite p-subgroup of G then there 
exist finite p-subgroups HI , H, of G containing H and such that (HI , H,) 
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is not a p-group. By applying this fact repeatedly we can construct, for 
n = 0, l,..., a set .Zc, of 2” finite p-subgroups of G, no two of which generate 
a p-group, and such that each member of Zn is contained in two distinct 
members of ZIllfl . If P,, < P, << ... is a tower with Pi E .Zci, then P = UT-, P, 
is a p-subgroup of G. No two subgroups obtained in this way from distinct 
towers can generate a p-group and so, since there are 2’0 such towers, it 
follows that G contains a set of 2’0 p-subgroups, no two of which generate 
a p-group. Since every p-subgroup of G lies in some Sylow p-subgroup of G 
this gives ; Syl, G / > 2’0. The reverse inequality is clear since G is countable 
and so Lemma 1.1 is established. 
The next few lemmas are all designed to assist with the proof of Lemma 3.2. 
LEMMA 3.4. Let G be afinitegroup acted on by afinitep-group H. Suppose 
that M is a normal H-inaariant p’-subgroup of G such that M > C,(M). 
Suppose further that t z’ 1 is an odd integer and G/M contains subgroups R,*, 
Si* (I < i :< t) and Ti* (1 -1; i < t, i odd) satisfying (3.1). Then G contains 
subgroups Ri , Si (1 ~1 i 5; t + 1) and Ti (1 -2 i -< t -I- 1, iodd) satisfying (3.1). 
Proof. Let Ri* 7~ Xi/M (1 < i C; t). Then from (3.lf) Xi normalizes 
1Y, if i < j and we may assume without loss of generality that 
(3.4a) 
Therefore X, u G. Now as t is odd, (3.ld) shows that X,jM is a p-group, 
and as H is a p-group there is a complement P to M in X, left invariant by H. 
By (3.ld), P + 1. Now for each prime q # p there is a Sylow q-subgroup of M 
left invariant by HP (where we work for convenience in the semidirect 
product HG). Since M 3 C,(M), P 6 M, and M is generated by any 
collection of Sylow q-subgroups of M containing one Sylow q-subgroup for 
each q f p, it follows that there exists a Sylow q-subgroup Q of M normalized 
by HP but not centralized by P. 
Let N, = N,(Q). Then by the Frattini argument G = MNr; also 
P < Nl . Hence X, n Ni = PM n Ni = P(M n Ni). Therefore P is a 
Sylowp-subgroup of X, n Nl , which is normal in Nr as X, 4 G. A further 
application of the Frattini argument now gives, if N = NNI(P), that Ni = 
(M n N,)N. Hence G == MN, = MN, and so G/M E N/N n M. Now Q 
is H-invariant, and so Nr is H-invariant, and since P is also H-invariant it 
follows that N is H-invariant. Therefore the natural isomorphism q~ of G/M 
onto N/N n M is an H-isomorphism. 
For 1 < i < t - 1 define R,/N n M = v(Ri*), SJN n M = v(&*), 
and T,/N n M = q(Ti*) if i is odd. Then (3.la-e) hold for 1 < i < t - 1, 
(3.lf) holds for 1 < i .<j < t - 1 and (3.lg-i) hold for I < i < t - 1. 
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NowF(R,*)=XtnN/MnNandX,nN=P(MnN)=Px(MnN) 
as P Q N. Thus P is HN-isomorphic to v(R,*). 
Define R, = P. Now from (3.lf) and (3.4a), ~J(S,*) has the form 
PO x (M n N)/M n N for some HN-invariant subgroup PO of PI and we have 
S,-, = ker(R,-, 071 R/P,) if t > 1, 
and from (3.lk) we obtain 
(3.4b) 
If t > 1 and X is any proper H nIGt<, Ri-invariant subgroup of 
R, , then every p-element of R,-, centralizes X. (3.4c) 
Now HN normalizes Q, but by the choice of Q, R, = P does not centralize 
Q. Since (I R, 1, ] Q 1) = 1 it follows from the Hall-Higman reduction 
[7, Theorem III, 13.51 that there exists a special subgroup R,,, of Q such 
that RR,+, is H nrGiGt R,-invariant, R, centralizes @(R,+,) but not R,,, , 
and H niGiGt Ri transforms R,,, irreducibly. Furthermore, if Q has odd 
order we can even arrange that R,,, has prime exponent. Thus R,,, E ~2. 
Define S,,, = 1, Tt = ker(R, on R,+J, St = Tt * P,, . 
Suppose first that t = 1. Then from (3.1~) and (3.lk) PO = 1. Hence 
S, = TI < R, , and conditions (3.1) are immediate. Now suppose that 
t > 1, and let K = ker(R,-, on RJS,). Then from (3.4b) K 3 S,-, , and 
from (3.le) K/S,-, is ap’-group. Now Tt is a proper subgroup of R, invariant 
under H niGict Ri , and so by (3.4~) everyp’-element x of K centralizes Tt . 
Therefore x centralizes St/PO = T,P,/P,,; since x certainly centralizes R,/S, 
and R,/Po is a p-group, it follows that x centralizes R,/P,, . Hence by (3.4b) 
x E St-1 3 and we have 
S,-, = ker(R,-, on RJS,). (3.4d) 
Therefore S, < R, , by (3.le) with i = t - 1. It is then immediate that 
conditions (3.1) including (3.lj) with t + 1 for t, hold for 1 < i < t + 1. 
LEMMA 3.5. Let G be aJinite group andp an odd prime. Suppose that the 
following situation holds: 
G is the semidirect product G = NA, N 4 G, N n A = 1. (3.5a) 
Q and Z are normal subgroups of G 
contained in N with Q n Z = 1. (3.5b) 
Q is a p-group and N/Q is a p’-group (3.5c) 
G(Q) < Q x .Z CAN/Q x Z) < IV (3.5d) 
Z is contained in the centre of G. (3.5e) 
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P and I’ are normal subgroups of A such that P n Y = 1. (3Sf) 
P is a p-group and A/P is a p’-group. w%) 
C,(P) < P x Y < A. (3Sh) 
Then there exists an elementary abelian p-subgroup C’ of U = QP such that I’ 
is invariant under any automorphism of G which leaves A invariant and ;l/C,4( C’) 
is not a p-group. 
Proof. Firstly, we may assume that 2 = 1. For G/Z is the semidirect 
product of N,lZ by AZ/Z s 8, and the conditions (3.5) hold with G, N, A, 
Q, Z, Y, P replaced by their images in G/Z. The case Z = 1 provides an 
elementary abelian p-subgroup Vi/Z of UZjZ, left invariant by every auto- 
morphism of G/Z normalizing AZ/Z and such that A/C,(Vr/Z) is not a 
p-group. Now by (3.5b) and (3.5~) Z is a p’-group; hence by (3.5e) I’, 
I’ x Z, where I’ -~~ r1 n U. Clearly I/ is an elementary abelian p-group 
characteristic in Vi, and 4/C,(V) is not a p-group. n’ow O,(G) must 
centralize Q and so it follows from (3.5~) and (3.5d) that Z == O,(G). 
Therefore Z is characteristic in G and any automorphism 01 of G leaving A 
invariant determines an automorphism of G/Z which leaves izZ/Z invariant 
and hence leaves Vi/Z invariant. Hence 01 leaves I’ : O,,(I’r) invariant, and 
so I’ has the properties required of it. 
Hence we now assume Z == 1. By (3.5g) and (3.5h) we have .-l PH 
for somep’-group B, and B ~.:i C,(P). 
Case 1 [P, B] is abelian. By (3.5g) P = O,(4) and so P is characteristic 
in -4. Also the normal closure R * = [P, BIB of B in A is characteristic in &4 
since it is the group generated by the Sylow p’-subgroups of -4. Hence 
[P, B] = P n R* is characteristic in A and so the group I’ mm- Ql([P, B]) 
generated by the elements of order p of [P, B] is characteristic in d. 
In particular I/’ (1 il. Furthermore if [C’, B] = I then [P, B, B] I 
[3, Theorem 5.2.41 and so [P, B] ~~~2 1 by Lemma 2.6. This contradicts the 
fact that B $ C,(P). Therefore [I’, R] # 1 and il/C,( I’) is not a p-group. 
This deals with case 1. 
Case 2 [P, B] is not abelian. By (3.5~) every normal p-subgroup of G 
centralizes N/Q. It follows from (3.5d) that 
Q = O,(G). (3.5i) 
Since Z = 1 and O,(G) centralizes Q, it follows from (3.5d) that O,(G) = 1. 
It then follows from the Hall-Higman theory [3, Theorem 6.3.41 that G = G/Q 
can be viewed as a p-soluble group of linear transformations of Q = Q/@(Q); 
clearly, O,(G) = 1. 
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Choose elements X, y E [P, B] such that [x, JJ] = z + 1. Then the images 
Z,p, D of X, y, Z, respectively, in G satisfy the conditions of [4, p. 9, third row 
of the table] and so one of (2 - l)‘-l, (2 - I)“-‘($ - l)p-2, and (9 - l)P-r(1- 1)p-2 
is nonzero as a linear transformation of Q. As p 2 3 it follows that there 
exists an element u E Q such that at least one of the following holds: 
(i) [u,~z] # 1, 
(ii> [u, x, *, 4 # 1, 
(iii) [u,Y,Y, 4 # 1. 
Consider now the subgroup Y = [U, B], which is normal in U = QP. 
Since [P, B] < Y we have z E Y’, and hence [u, x] E Y’. Thus (i) gives 
Y” # 1. Since x E [P, B] < Y, and so [u, x, X] E Y, (ii) gives [Y, Y’] # 1 
and similarly (iii) gives the same result. Therefore in any case the nilpotency 
class c of Y satisfies c > 2. 
Let W = r&Y), where Y = rr( Y) > y,(Y) > ... is the lower central 
series of Y. Then w’ < ~a(~-~)( Y) = 1, as c > 2 and so 2c - 2 > c + 1. 
Now Y u UB and hence W Q UB. If [W, B] = 1 then C,(W), which is 
normal in UB, contains B and hence contains [W, B] = Y. This gives 
rc( Y) = 1, a contradiction. Hence [W, B] # 1 and so, if V = J&(W), 
then [V, B] # 1 [3, Theorem 52.41. 
Now any automorphism of G will normalize Q by (3Si), and if it also 
normalizes A it will normalize UB = QPB = QA. Arguing as in Case 1 we 
see that Z’ is characteristic in UB and so V is invariant under any automor- 
phism of G normalizing A. In particular A normalizes V, and since [V, B] # 1 
we have that A/C,(V) is not a p-group. This completes the discussion of 
Case 2. 
We are now ready to prove Lemma 3.2. 
Proof of Lemma 3.2. We have an odd prime p and a locally p-soluble 
group G containing finite subgroups 1 = F,, < Fl < ... such that G = UTs,Fi 
and 
Fi n Op,pP’i+l) = 1, (l.la) 
O&-i) d Wi), (l.lb) 
for i = 0, I,... . 
We establish Lemma 3.2 by induction on t. Since His finite it is contained 
in some Fi and so leaves Fj invariant for j > i; we may then assume without 
loss of generality that H leaves every Fi invariant. 
By (1.1 a) F, is not ap’-group and so there will be some nontrivial elementary 
abelian p-subgroup RI of F, left invariant by H. Put S, = Tr = 1. Then (3.1) 
holds and we have dealt with the case t = 1. 
Now suppose that t > 1 is an odd integer and that we have subgroups 
Rp’, S:” (1 < i < t) and Ti(‘), (1 < i < t, i odd) of some Fk satisfying (3.1). 
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Let P = O,(F,+,), M = O,,,(F,+,), andF = F,M. We apply Lemma 3.4 
to F/P and its normal p’-subgroup M/P. Evidently Fk , M, P and F are 
H-invariant. By (l.la) F,; n M = 1 and so (F/P)/(M/P) is H-isomorphic 
to Fk . Also M 3 C,,+,(M/P) by a well-known result [3, Theorem 6.3.21 
and so M/P contains rts centralizer in F/P. Therefore by Lemma 3.4 and the 
inductive hypothesis on Fk there exist subgroups Ra”, S:” (1 < i < t + 1) 
and T,!“‘(l < i < t + 1, iodd) ofF/Psatisfying (3.1). Now let,Q = O,(F,&, 
N = O,,,(F,,.,) and consider the group FN. By (I.la) we have F A N = 1. 
Define R,IP = Ry’, SJP = St”’ (1 y ,i<t)andTJP=Ti2’(1 <i<t, 
i odd). Then (3.la-e) hold for 1 < i < t, (3.lf) holds for 1 .< i < j .< t and 
(3. lg-i) hold for 1 < i .< t - I. Also let R,+,/P = Riyl . We have from 
(3.le) and (3.lj) 
T, = ker(R, on R,+,/P), (3.6a) 
H nlqiGt Ri transforms (R,+,/P)/@(R,+,/P) irreducibly. (3.6b) 
We now show that the situation of Lemma 3.5 holds for the group R,,,N, 
with Rt+l = A, 2 = O,(F,+,) and Y = O,,(F,+,) n R,+l . Condition (3.5a) 
follows from (1.1 a) since R,,, < F,,, . Clearly Q and Z are normal subgroups 
of R,+,N contained in N and (3.5b, c) hold. It is immediate from (l.lb) that 
O,,,(FP+~) = Q X-Z G %,4F~+2) and so VQ x Z= 0,~,,,,~(F~F,,2)10,~,.0. 
Hence (3.5d) follows from well-known properties of p-soluble groups 
[3, Theorem 6.3.21, and (3.5e) follows from (l.lb). Now arguments similar 
to the above show that O,,,(F,+,) = P x O,,(F,+,) and that CFk+,(P) = 
Z(P) x O,(F,+,). Hence C,(P) = Z(P) x Y, where Y = A n O,(F,+,). 
Now (3.5f) holds and (3.5g) follows from (3.le). Finally (3.5h) follows if we 
can show P x Y < A. If this is not the case then from (l.lb) A/P = R,,JP 
is in the center of F,+,/P, and so (3.6a) gives T, = R, , contradicting (3.ld). 
Hence the conditions (3.5) hold. 
Now Rt,, is H IJlgiif+i R,-invariant, and so is N. It therefore follows 
from Lemma 3.5 that there exists an elementary abelian p-subgroup I’ of QP 
normalized by H nigiGttl Ri and such that RZt+JCR,+,( V) is not a p-group. 
Let R,,, be such a subgroup V of smallest possible order and define T,, p = 1. 
Then evidently (3.1 k) holds for t + 2. 
Now since Ri+z and P are p-groups and R,,, # 1 it follows that S,,, = 
[R t+2 > PI < Rt,, . Clearly St+, is H nlGiGt+i R,-invariant and so if we 
define St+r = ker(R,+, on R,+,/S,+,) then S,,, is H niGiGt+i R,-invariant. 
Since S t+l > P it follows from (3.6b) that either St+, = Rt+l or S,,,/P < 
@(R,+,/P). In the former case we find, since S’,,, is a proper H nIIGiGt+l R,- 
invariant subgroup of Rt+2 , that every p’-element of R,+, centralizes both 
JL21St,, and St,, and so centralizes Rt+2 itself. But then Rt+,/C,I+I(Rt+,) 
is a p-group, contradicting the choice of Rt+z. Therefore we must have 
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&,,IP < Wt+,IP). S ince it follows from (3.6a) and (3.li) that Tt = 
ker(Rt on (Rt+lIf’)I@(Rt+#‘N~ we now obtain that Tt = ker(R, on R,+,/S,+,), 
establishing (3.lh) with i = t. Conditions (3.la-f) are now clear for indices 
between 1 and t + 2. Condition (3.lg) for i = t + 1 is the definition of 
S t+l , (3.lh) with i = t has been established above, (3.li) with i = t is clear 
and (3.lk) holds with t replaced by t + 2, by the choice of R,+z. This 
completes the inductive proof of Lemma 3.2. 
4. PROOF OF THEOREM A 
We have established Lemma 1.1 and it remains to deduce Theorem A 
from it. First we prove 
LEMMA 4.1. Let p be an odd prime and let G be a nontrivial locally finite 
and locally p-soluble group such that O,,,(G) = 1. The-n 
(i) There is a countable subgroup H of G such that 1 Syl, H / = 2xo. 
(ii) 1 Syl, G / 3 2No. 
Proof. It is clear that (ii) follows from (i) (cf. [6, Lemma 2.2(iv)]). To 
establish (i) we begin by constructing inductively a tower 1 = D,, < D, < ..a 
of finite subgroups of G such that 
Di n %,,Pi+,) = 1 (i = 0, l,...). (4.la) 
In fact if we have constructed Di then the fact that O,,,(G) = 1 (and hence 
also 0 8,8(G) = 1) implies that for each 1 # x E Di there is a finite subgroup 
G, of G such that x E G, and the normal closure xc. of x in G, is not an 
extension of a p-group by a p’ group. We may then take Di+l to be any finite 
subgroup of G such that D,+l > Di and D,,, 3 (G, : 1 # x E Di>. 
Now in proving (i) we may assume without loss of generality that 
G = us”=,, Di; it follows from (4.la) that O,~,(lJ~=, Di) = 1. Since G # 1 
but O,,,(G) = 1 it follows from [5, Corollary 3.41 that G contains an infinite 
elementary abelian p-subgroup A. Put Ai = A n Di, Ri = O,,(DJ. If the 
ranks of the subgroups Ai/CAi(Ri) are unbounded then [5, Lemma 3.91 
gives 1 Syl, G 1 = 2No and the result is established. 
We may therefore assume that there exists an integer n 3 0 such that 
each of the groups Ai/CAi(Ri) has rank at most n. Let Y be a subgroup of 
rank n + 1 of A. Then for i = 0, l,... there exists an element yi # 1 in Y 
centralizing R,. Since Y is finite it follows that there exists an element 
y # 1 in Y centralizing infinitely many of the Ri. We may assume, by 
omitting some terms in the tower {Di} and renumbering if necessary, that y 
centralizes every Ri and y E D, . 
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Let N = yG be the normal closure of y in G. Then H is countable and 
nontrivial, and as H Q G we have O,,,(H) = I. We have H = (Jy+ Fi 
where Fi = yDi 4 D, . 
Thus O,,,(Fi+,) = F,+i n O,,,(Di+J and so we have O,,,,(I;,,,) n Fi = 1. 
Since FI # 1, it follows easily that Fi < F,+r for all i. Also since R, 4 Di 
and y centralizes Di we have that I;, = yDg centralizes R, . Therefore 
O,(FJ = F, n Ri < Z(F,). Therefore H satisfies the hypotheses of Lemma 1 .I 
and so 1 Syl, H 1 = 2No by that lemma. 
Proof of Theorem A. Let G be a group satisfying the hypotheses of 
Theorem A, and define normal subgroups L, of G for ordinals CL by L, = 1, 
L,+JL, = Oprp(G/L,), L, = &+L, if TV is a limit ordinal. Let L be the 
terminus of the ascending chain {L,}. Then L is an upper p-separable group 
in the sense of [5]. Now it is immediate from the hypotheses of the theorem 
that ( Syl, H \ < 2*0 for every countable subgroup of H of G, and so the 
same holds forL. Therefore by [S, Theorem C] it suffices to prove thatL = G. 
If this is not the case then by Lemma 4.1 there is a countable subgroup 
HL of GIL such that 1 Syl, H/L 1 = 2 No, Now H/L has the form KL/L for 
some countable subgroup K of G, and so H/L z K/K nt. However, 
1 Syl, K / < 2Na and so 1 Syl, K/K n L 1 < 2’0 by the argument of [6, 
Lemma 2.21. This gives a contradiction. Hence L = G and the theorem is 
proved. 
5. DISCUSSION OF THEOREM C 
By arguing as in the proof of Theorem A we can deduce Theorem C from 
[5, Theorem C] and the following lemma, which generalizes Lemma 4.1: 
LEMMA 5.1. Let v be a set of odd primes and let G be a nontrivial locally 
finite and locally -rr-soluble group such that O,,,(G) = 1. Suppose that there 
exists an integer n > 0 such that every chief factor of every finite r-subgroup 
of G has rank < n. Then there exists a countable subgroup H of G such that 
I Syl, H 1 = 2”o. 
We begin the proof of Lemma 5.1 by showing that there is no integer 
m > 0 such that the n-subgroups of G satisfy the identity [x”, y”] = 1. 
LEMMA 5.2. Theve exists a function f f ram the set of nonnegative integers 
into itself such that if n is a set of odd primes and G is a finite m-soluble group 
whose Sylow T-subgroups satisfy the identity [x”, y”] = 1 then l,(G) <f(m), 
where l,(G) denotes the r-length of G. 
Notice that f is independent of r. 
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Proof. Let S E Syl, G. Then there exists an abelian normal subgroup A 
of S such that S/A has exponent dividing m. If a E A and x E S we have 
[x,a,a] = 1. (5.2a) 
Let p 6 n, N = O,,(G), P = O,,,(G), and PI/N = @(P/N). Now G is 
p-soluble and so we can view G = G/P as ap-soluble group of linear trans- 
formations of P = P/PI [3, Theorem 6.3.41; clearly O,(G) = 1. Let a E A 
and let S be the image of a in G. Then from (5.2a), (ci - 1)2 = 0 as a linear 
transformation of P. If ci is a p’-element then we obtain ci = 1 from Lemma 
2.6. If d is a p-element of order pk however then by [4, Theorem B], ci has 
minimal polynomial (X - I)‘, where either r = pk or r > pk-ko(pko - 1). 
Here k, is an integer such that 0 < k, < k andpko - 1 is a power of a prime, 
which is necessarily 2 as p is odd. It follows from this and the fact that 
(ri-l)2=Othateitherk=Oandri=10rp=3andk=k,=1.Thus 
in any case we have 63 = 1. Hence if B = A3, the group generated by the 
cubes of the elements of A, then B < O,,,(G). This holds for all p E r and 
hence B < O,,,,(G). 
Let G = G/O,,,,(G). Then the Sylow n-subgroups of G have exponent 
dividing 3m. Let 3m = 2”pp ... p:t be the prime factorization of 3m, where 
pi # pj if i # j and the pi are odd. By [4, Theorem A] we have ID(G) < 
2ei - 1 (1 < i < t). It follows from the elementary lemma below that 
Z,(G) < ‘& (2ei - 1) and so I,,(G) < 1 + C%, (2e, - 1). 
LEMMA 5.3. Let G be a jnite r-soluble group. Then Z,(G) < CpEn Z,(G). 
Proof. The proof is by induction on C 3)E,, Z,(G). If this integer is zero then 
G is clearly a n/-group and so Z,(G) = 0. Now suppose that &n Z,(G) > 0 
and let p E rr. Let P, = O,,,(G). If I,(G) > 0 then we have Z,(G/P,) = 
Z,(G) - 1 and l&G/P,) < I,(G) ifp # 4 E rr. Hence by induction Z,,(G/P,) < 
(C,En Z,(G)) - 1. This inequality holds trivially if p E v and Z,(G) = 0. 
Since fL P, < O,,,(G), we obtain L(W,,~,(GN < Cjk 4@)) - 1, 
whence the result follows. 
COROLLARY 5.4. Let r be a set of oddprimes and let G be a nontrivial locally 
rr-soluble group such that O,,,(G) = 1. Then for each integer m > 0 there 
exists a finite z-subgroup F,,, of G such that ((F,)“)’ # 1. 
Here X” denotes the group generated by the m-th powers of elements of X. 
Proof. If m > 0 is an integer such that(P) = 1 for all finite r-subgroups 
F of G, then by Lemma 5.2 we have Z,(F) <f(m) for all finite subgroups F 
of G. From this it follows that G is r-separable [2, Corollary 3.101, contra- 
dicting the fact that G f 1 but O,,,(G) = 1. 
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We require the following lemma, which is an immediate consequence of 
a theorem of Mal’cev [8, Theorem 2.1 I]. 
LEMMA 5.5. There exists a function e from the set of nonnegative integers 
into itself such that if G is a finite soluble group and V is a faithful irreducible 
Z,G-module such that dimzp V < n, then G has an abelian normal subgroup of 
index < e(n). In particular, (GP(?l))’ == 1. 
Here e is independent of p. 
Proof. Viewing G as a matrix group, we obtain from Mal’cev’s theorem 
a normal subgroup H of G which can be put into triangular form over an 
algebraic closure of 2,) and such that 1 G : H 1 -<_ e(n). But then H’ is a 
normal p-subgroup of G, and O,(G) = 1 since G has a faithful irreducible 
module over a field of characteristic p. This gives the result. 
LEMMA 5.6. Let G be a finite r-soluble group and let n >S 0 be an integer 
such that every chief factor of every finite rr-subgroup of G has rank < n. Suppose 
that O,(G) .<, Z(G). Let F be a rr-subgroup of G, y a p-element of (F8(n))’ 
(where e is the function of Lemma 5.5 and p t n), H -z y”, P = O,(H), 
A’ = O,,,(H). Then 
[H, O,,,(H)] :< P. (5.6a) 
n:jP is a p’-group. (56b) 
C’,(P) :< P x Z, where Z is a central p-subgroup 
of H contained in AT. (5.6~) 
N >- C,(N/P x Z). (5.6d) 
Proof. It follows immediately from the Schur-Zassenhaus Theorem and 
the fact that O,,(G) sz Z(G) that O,,,,(G) == M x L, where M == O,,(G) 
and L = O,(G). Now since M is soluble it has a series 
1 = M, < MI < . . . < M, = M 
of characteristic subgroups such that each M,+,/M, is a g-group for some 
prime 4. This series may be refined to give part of a chief series for MF; 
in this refined series, each factor has rank < n by hypothesis. It follows from 
Lemma 5.5 that (Fe(%))‘, and therefore also y, centralizes each factor in the 
refined series. Thus, for each i with 0 ,< i .< k - 1, y stabilizes a series of 
Mi+JMi (in the sense of [3, 5.31. Therefore, by [3, Theorem 5.3.21, y central- 
izes M,+,/Mi unless Mitl/Mi is a p-group. Therefore H = yG centralizes 
Mi+JMi unless M,,,/M, is a p-group. 
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Consider now the series 
This is a series of normal subgroups of G, its factors are all of prime power 
order, and all but the p-factors are central in H. It follows that H n M has 
a normal Sylow p-subgroup P, and that there is a series from P to H n M, 
consisting of normal subgroups of G and with factors centralized by H. 
Then y stabilizes a series of the p’-group H n M/P, and so y centralizes 
H n M/P by [3, Theorem 5.3.21. Th ere ore f H = yG centralizes H n M/P, 
and we have [H, H n M] < P. 
Now as H 4 G we have O,(H) = H n O,(G) = H n M and similarly 
O,,,(H) = (H n M) x (H n L). As p ET it is clear that P = O,(H), and 
as L < Z(G) we now have (5.6a). We have seen that H n M/P is a $-group 
and since N/H n M is certainly a p’-group, (5.6b) follows. 
Let C = C,(P). We first show that every p’-element a of C lies in 
S = O,/,(H). In fact, suppose that a” = 1 for some $-number 71, and let 
x E S. Then from (5.6a) we have xa = xz (z E P) and so x = zan = X.P. 
Hence zn = 1 and so, as z is ap-element, z = 1. It follows that a centralizes 
S and so a E S [3, Theorem 6.3.21. Therefore CSjS < O,(H/S) = 1 asp E r, 
and so C < S. Since S = O,(H) x O,,(H), it follows from (5.6b) that S/P 
is a p’-group, and so C/C n P is a $-group. Therefore by the Schur- 
Zassenhaus theorem C = (C n P) x 2 for some @-subgroup Z of C, and by 
(5.6a) Z lies in the center of H. Clearly Z < N. 
Finally, as O,,,(H) = O,(H) x O,,(H), we have N = O,,,,,,,(H). Also 
P x Z < O,,,(H). This, together with well-known facts about r-soluble 
groups [3, Theorem 6.3.21, yields (5.6d). 
We are now ready to begin the proof of Lemma 5.1. As in the proof of 
Lemma 4.1, we may suppose that 
G = (Jyc,Fi, where 1 =F,, <F, < .--isa tower 
of jinite subgroups of G. 
4 n %AK+J = 1 (i = 0, I,...). 
(5.7a) 
(5.7b) 
By [5, Lemma 3.41, G contains an abelian n-subgroup of infinite rank. 
Arguing again as in Lemma 4.1 and using [5, Lemma 3.91, we may now 
suppose that 
Q#‘i) < Wi) (i = 0, I,...). (5.7c) 
Now by Corollary 5.4 there exists a finite n-subgroup F of G such that 
(Fecn))’ # 1, where n is the integer given by the hypotheses of Lemma 5.1 
and e the function given by Lemma 5.5. Let y be a nontrivial p-element of 
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(F’(‘L))’ (so that p E 7~) and let H == y”. Then I ;i H 4 G. We may suppose 
without loss of generality that y E Fr , and so H = Uy-, Iii , where H, 1.7 yFi. 
The subgroups Hi satisfy (5.7b). Since Hi I/- 1, it follows easily from this 
that 1 = H, < H, < ..’ . Hy Lemma 5.6 and (5.7c), the subgroups Ha also 
satisfy conditions coming from (5.6). We may therefore assume, by replacing 
thePi by the Hi, that in addition to (5.7aac) we have 
p is a prime in r, P, = O,(F<), Ni = O,,,(F,), 
Zi 5~ Nj is a p’-subgroup of the center of Fj 
(i = 0, l,...). (5.7d) 
Fz n;VV4, m: 1 (i = 0, l,...). (5.7c) 
IV/Pi is a p’-group (i = 0, I,...). (57f) 
[Fi , O,,m(Fi)l f f’i (i = 0, l,...). (5.W 
&(P<) :< Pi x zi (i = 0, l,...). (5.7h) 
C,,(NJP; X Z!,) .; Xi (i 1 0, l,...). (5.7i) 
LEMMA 5.8. Suppose that conditions (5.7) hold, let H be any jkite p- 
subgroup qf G and let t -: 1 be any odd integer. Then there exist subgroups R, , 
Si (1 -< i c< t) and T; (I --; z < t, i odd) of G satisfying (3.1) and also 
p(R,/,\‘,) 4 v if i is even. (5.8a) 
Proof. We may suppose that H < Fl , and so the natural action of H on G 
by conjugation leaves the subgroups Fi invariant. The construction runs 
parallel to the proof of Lemma 3.2. For t = 1 we take R, to be any nontrivial 
elementary abelian subgroup of Pz normalized by H, and put S, = Tl = 1. 
Notice that if Pz = I, then (5.7g) gives [F2, O,,,(F,)] = 1. By [3, Theorem 
6.3.21 this gives F, = O,,,(F,) 5~ O,.,(F,) by (5.7~). Then (5.7b) gives 
F, = 1, a contradiction. 
Suppose that for some odd integer t >> 1 we have subgroups R:“, Sj” 
(1 < i .< t) and T:” (1 .< i < t, i odd) of someF, satisfying (3.1) and (5.8a). 
Let P = P,,, , M = NJ,+, , F = F,M. Then F and M are H-invariant. By 
(5.7i), M 3 C,(M/P) and from (5.7e), (F/P)/(M/P) is H-isomorphic to Fk. 
Therefore Lemma 3.4 gives subgroups Ry’, Si2’ (1 < i < t + 1) and T,“) 
(1 < i < t + 1, i odd) ofF/P satisfying (3.1). By (5.7g) the set of r-elements 
of M/P is a central subgroup of F/P, and so from (3.1 h) with i = t we have 
p(Rr+\) $ z-. This gives (5.8a) with i = t j- 1. 
Now let R./P = R!” S./P : Sj”’ (1 ,< i < t) and TJP == T!“’ 
(1 < i < t, i odd). Also ie; RtA:jP = RI:\ , Q = P,,, , N = Iv,;,, . We c& 
now verify the conditions of Lemma 3.5 for the group R,,lN, with Rtcl = A, 
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Z k+2 = z, &,I n zk,, = Y. To do this we use the conditions (5.7) and 
argue as in the proof of Lemma 3.2. The argument can then be completed 
in exactly the same way as the proof of Lemma 3.2. 
Finally, Lemma 5.1 follows from 
LEMMA 5.9. Assume that conditions (5.7) hold. Then 1 Syl, G 1 = 2N~. 
Proof. As G is countable, we certainly have 1 Syl, G 1 < 2’0. Now by 
Lemma 5.8, if H is any finitep-subgroup of G and t > 1 is any odd integer 
then there is a p-chain A, ,..., A, of sections of G, acted on by H and such 
that p(AJ $ v if i is even. By choosing t sufficiently large and arguing as 
in the proof of Lemma 1.1, we may now obtain sections U/V and L/M of G, 
centralized by H, and such that lJ/ V normalizes but does not centralize L/M. 
Also, U/V is a p-group, but L/M is not a rr-group. We may then deduce from 
this that H is contained in two finite p-subgroups of G which do not generate 
a n-group. It follows that G has a collection of 2’0 p-subgroups, no two of 
which generate a n-group, and hence that j Syl, G / = 2ao. 
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